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liquid phase occupies a fraction Φ of the volume of the foam. The "dry foam" limit, when Φ tends to zero, corresponds to polyhedral bubbles separated by thin walls. It is associated with a divergence of certain contributions to the viscous dissipation [5] .
However, the foam's non-dissipative properties (such as surface energy [6] , shear modulus or yield stress [7, 8] ) usually tend to a regular, finite limit when the fluid fraction Φ tends to zero.
The "yield drag" F Y is the minimal force observed when there exists (or, equivalently, required to create) a movement of the foam relative to an obstacle [9] . It is a global, geometry-dependent quantity directly measurable in experiments and in practical applications of foams, for instance when a foam flows through a porous medium [10] , or when one introduces an object into a foam (analogous to sticking one's finger into shaving cream). The total yield drag F t Y arises from the low-velocity limit (in which viscous dissipation is neglected) of two contributions, F p due to the pressure inside the bubbles and F n due to the network of bubble walls (i.e., soap films with surface tension):
Here we consider the network contribution F n Y and show how it is affected by the liquid content of the foam.
We consider a single layer of bubbles, to facilitate preparation and analysis of experiments, as well as numerical and analytical modelling [11] . Section II presents (quasi-2D) experiments in which the foam flows around a fixed circular obstacle within a long channel: this is the historical experiment of Stokes, already adapted to foams both in 2D [9, 12] and in 3D [13, 14, 15] . We compare them with truly 2D simulations using two different software packages (Section III). The simulation methods allow easy variation of the geometrical parameters such as bubble, obstacle and channel size and better control of bubble area. Section IV presents our results: we show that the yield drag displays the expected dependence with the bubble, obstacle and channel size, and increases when the fluid fraction Φ decreases.
The discussion in Section V emphasises that taking into account the effect of fluid fraction allows all data to be plotted on a single master-curve and that the simulation results are consistent with those from experiments.
II. EXPERIMENTAL METHODS

A. Foam channels
Our bulk soap solution is de-ionised water with 1%
Teepol, a commercial dish-washing liquid. Its surface tension, measured with the oscillating bubble method, is γ = 26.1 ± 0.2 mN m −1 , and its kinematic viscosity, measured with a capillary viscometer, is 1.06 ± 0.04 mm 2 s −1 .
The experimental set-up [9] confines the foam between the surface of water and a glass lid (hereafter called "liquid-glass" [16] ). A 1 m long, w c = 10 cm wide tank is filled with soap solution, leaving below the top glass lid a free space of thickness h which we can adjust. At its centre is a circular obstacle of diameter d 0 = 3 or 4.8 cm (Fig. 1) . At the entrance to the channel, nitrogen is blown at a computercontrolled flow rate, which varies between 5 and 500 ml min The resulting foam consists of a horizontal monolayer of bubbles. It exits freely at atmospheric pres-
sure at the open end of the channel, P = P atm .
In the absence of the obstacle, it yields a two- a 90
• angle, due to the left-right symmetry [17] .
The surface density of bubbles is 1/A, where A is the average bubble area (including its walls). The foam is monodisperse: the area variation at the channel entrance is less than 5%. The average area is fixed at a value ranging from 0.121 cm 2 to 0.393 cm 2 ; most experiments have A = 0.160 cm 2 . Despite the low velocity, and hence the long transit time, we do not detect neither bubble coalescence nor coarsening. The effect of foam ageing on rheology [18, 19] is thus negligible.
B. Fluid fraction
Fluid fraction of ideal 2D foams
In an ideal 2D foam, a Plateau border is a triangle with concave edges of radius R which match tangentially three straight lines meeting at 120 • (Fig. 2) .
The area of a Plateau border is
The fluid fraction Φ is defined as:
where A g is the area occupied by the gas. Thus, for a honeycomb array of bubbles:
For a disordered foam, bubbles have a variable number n of sides, and eq. 
so that, together with eq. (3):
At given A, the physical information conveyed by R, Φ or L c is the same. For comparison between different experiments or simulations, we prefer to use Φ, which is dimensionless and intuitive.
For an ideal honeycomb lattice under homogeneous shear, all vertices merge at the same time and the hexagons become circular when L c equals the side-length of the hexagons. This corresponds to Φ = 0.091 [7] , and the honeycomb lattice loses its rigidity (vanishing shear modulus) [20] . plate is assumed to be orthogonal.
Fluid fraction in the foam channel
In the experiment, the bubble shapes, and hence the fluid fraction Φ, are determined by the liquidglass distance h: Φ decreases when the thickness h of the foam increases. It is thus easy to vary Φ. Fig. (1) shows a foam thickness of 4.5 mm; beyond this thickness, the bubbles undergo a three-dimensional instability and the foam is no longer a monolayer [21] . At the other extreme, below 2 mm, the bubbles are circular and separated: both the foam's 2D shear modulus and the yield drag vanish.
While we observe that it is easy to vary Φ, its definition is ambiguous [11, 16] , due to the 3D shape of bubbles (Fig. 3) . Throughout this paper, to establish a correspondence between the triggering of T1s in experiments, simulations and analytical expressions, we define an effective 2D fluid fraction.
We binarize all images using the same threshold level, and determine the surface fraction occupied by the white pixels. Since the 3D meniscus ( Fig.   3 ) considerably expands the bubble wall thickness, this significantly overestimates Φ. We rescale the data (we divide them by 4) so that the observed and expected values of the rigidity loss coincide. We find Φ ≃ 0.11(1 − 0.1 h), where h is in mm, and an uncertainty around ±0.01.
C. Force measurements
Total yield drag
The obstacle floats just below the top glass surface and is free to move, without solid friction. However, it is linked to a fixed base through a calibrated elastic fibre. We track the obstacle displacement from its position at rest using a CCD camera which images the foam flow from above. We thus measure the force exerted by the flowing foam on the obstacle (precision better than 0.1 mN) [9] .
We check that the lift (spanwise component of the resultant force) is consistently zero, within fluctuations, as expected by symmetry (data not shown).
After a transient, the total drag F t (streamwise component of the resultant force) fluctuates around a steady value: we record the average and standard deviation of these steady flow data. The extrapolation to the low velocity limit (or zero-velocity intercept) of the force-velocity curve defines the yield drag F t Y . It is independent of the bulk solution viscosity [22] , and increases with the obstacle to bubble size ratio [9] .
Network contribution to the yield drag
We measure F The Surface Evolver [23, 24] offers the possibility to reach a true quasi-static limit, that is a succession of exact equilibrium states, through a deterministic bles that exit at the end of the channel are fed back into the entrance of the channel. We stop the simulation when each bubble has passed the obstacle no more than once.
We begin with a rectangular lattice of 30 × 25 monodisperse bubbles of area slightly larger than the required area A. We randomly perturb this lattice so that all the unstable four-fold vertices decay into pairs of three-fold vertices and the whole foam structure relaxes towards equilibrium. We then choose one bubble to be the circular obstacle, by slowly increasing its area to the required value (and correspondingly reducing the bubble areas to A) and constraining its edges to lie on a circle. The centre of the circular obstacle is then moved to the centre of the channel and the structure again relaxed to equilibrium. it converges to a constant value (Fig. 4a) , so that measurements can be performed.
We have double-precision values for the network geometry. We measure the network contribution F n Y to the yield drag as in experiments (section II C 2).
It is the sum of the unit vectors of the bubble wall with one end attached to the obstacle, expressed in units of the line tension (hence as a dimensionless number). Here too, we check that the lift is consistently zero within fluctuations (data not shown).
With the area increment dA = 0.05 cm 2 , the transient lasts for about 600 steps (Fig. 5a ). This is comparable to but still smaller than the total simulation time that is reasonably accessible. After this transient, the drag fluctuates around a steady value.
Such fluctuations recall the stress drops observed in
Couette experiments for disordered foams [25, 26] ; they are both linked to the rearrangements of the bubbles. We record the average and standard devia- 
Principle of the Potts Model
The Potts model is derived from a large-Q Potts model run at zero temperature, a model widely used to model grains in crystals [28] . It has been also applied to different domains of foam physics, including rheology, by enforcing the conservation of bubble size and applying an external force [27] .
We consider a 2D square lattice. Each site i has an integer index σ i . The k th bubble is defined as the domain consisting of all sites with the same index value σ i = k. Thus bubbles tile the plane without gaps or overlaps. The evolution is driven by the minimisation of a total energy (strictly speaking, it is a Hamiltonian), with three contributions:
The first term represents the contribution of the surface energy of interfaces between bubbles. Minimising this term leads to perimeter minimisation.
Here δ is the Kronecker symbol : 1 − δ is equal to 1 if the neighbouring sites i, j belong to different bubbles (σ i = σ j ); else it equals zero. The prefactor has been set to one without loss of generality. It determines the effective line tension, which is of order unity.
The second term keeps each bubble area A k (the number of sites with the same index) close to its predefined target value A t k . Here χ is the compressibility, which we choose to be high enough to keep bubble areas constant within a few pixels. The balance between this term and the preceding one simulates a foam relaxing towards mechanical equilibrium.
The third term is a bias term that describes an energy gradient, hence a homogeneous external force field. Here b is the bias intensity and x the site's coordinate along the flow. Without obstacle, the resulting velocity profile would be a plug flow.
We use a Metropolis algorithm to evolve the foam:
we randomly select a site at a bubble boundary, change its index to the value of a neighbour if, and only if, this decreases the total energy (eq. 6). Several independent changes are tried successively; a Monte Carlo Step (MCS) is defined conventionally as a number of tries equal to the total number of lattice sites. The foam has reached the stationary state at the end of this preparation. When we switch the bias on again, we begin the measurements, performed at intervals of 1500 MCS (during which a bubble moves a few pixels).
We measure the network contribution to the drag using the same method as in the experiments and Surface Evolver simulations. It fluctuates around a steady value: we record the average and standard deviation of these plateau (steady-flow) data (Fig. 5b) . We run each simulation for a total of 600,000 MCS, during which a bubble passes completely through the channel but no bubble passes the obstacle twice. One simulation takes about 12 hours on a Pentium IV 2.8 GHz processor.
Cut-off wall length and effective fluid fraction
In the Potts model, the discretisation due to the lattice has two main effects.
First, there is an unavoidable residual anisotropy of the line tension, typically a few percent [29] : it does not seem to affect the results presented below. To reduce the line tension anisotropy due to the lattice, we choose to evaluate the energy with the fourth nearest neighbour interactions [29] .
Second, the lattice affects the boundaries: they 
IV. RESULTS
Both experiments and both simulations present similar images (Figs. 1, 4) and a consistent picture.
The drag force is positive (downstream), due to both the network and the pressure contributions.
The Surface Evolver (data not shown) indicates that 
A. Effect of obstacle to channel size ratio
Potts model simulations indicate that the network yield drag is independent of the channel width w c (Fig. 6a) , until the obstacle (or the distance between the obstacle and the channel side [24] ) is comparable to one bubble diameter. In 2D, elastic and hydrodynamic interactions are often logarithmic in distance, in which case the channel width would play a role. The weak dependence in d 0 /w c that we find characterises the yielding behaviour of the foam, which means that only a small region near the obstacle is affected by the flow [14] .
Nonetheless, the zone where the obstacle influences the flow is larger in 2D [30] than in 3D [14] . . Note the semi-log scale.
B. Effect of obstacle to bubble size ratio
Potts model simulations indicate that the network yield drag increases linearly with the obstacle size d 0 (Fig. 6b) . This is consistent with the force scaling as d 0 / √ A, also suggested by the available Surface Evolver data, as well as by experimental measurements of the total force that show the role of the obstacle's spanwise dimension ("leading edge") [9] .
Note that most elastic properties of a foam scale like
. In fact, when A increases, the density of bubbles and of bubble walls decreases, and so does the foam elastic modulus (it would eventually vanish if there was only one large bubble left).
C. Effect of fluid fraction
We need to separate the effects of foam geometry, d 0 / √ A, from those of fluid fraction. We thus rescale the network contribution to the yield drag (Fig. 7) . This is the main result of the present paper. 
B. Consequences of the scaling
In the limit of low Φ, the development of the above argument indicates that F n Y increases according to
In simulations, this scaling has a surprising consequence: the network drag changes if we multiply by bles become highly anisotropic (Fig. 9b) .
VI. CONCLUSION
To summarise, we investigate the two-dimensional 
A. Geometry
To model a wet foam, we apply the decoration theorem [20] : the liquid is present only at the vertices which decorate an ideally dry foam. For a bubble touching the obstacle, we note L the distance between two neighbouring vertices in contact with the obstacle (Fig. 10a) .
When the foam flows, bubbles attach to the obstacle upstream, and detach from it downstream. Visual observation of both experiments ( Fig. 1) and simulations (Fig. 4) indicate that bubbles are flattened along the obstacle at the leading side of the obstacle, and that they progressively stretch streamwise at the trailing side.
L reaches its minimum value L c downstream, where bubbles detach. There, two neighbouring (decorated) vertices come in contact, and L equals the cut-off length 2R (Fig. 10b) .
On the other hand, upstream, for a new bubble to attach to the obstacle, two bubbles must detach through the configuration of Fig. (10c) . In this case, a vertex between three bubbles merges with one between two bubbles and the wall. The cut-off length is different, and rather equals (1 + 1/ √ 3)R. This geometrically determines that the maximum bubble width L max obeys:
Inverting eq. (8) yields L max :
At low fluid fraction, L max tends to a finite value, namely 4A √ 3; there is no singularity at vanishing R. Conversely, at high fluid fraction, L max varies much with R, so it is preferable to rewrite eq. (9) and determine R from the measurement of L max :
We assume the shape of the bubbles varies smoothly from the configuration of |θ| ≤ π/2 :
Since each bubble edge exerts a pulling force of magnitude λ along the outward normal vector of the obstacle boundary, the network contribution to the drag is
To compute this integral, we introduce two dimensionless variables, both functions of A and R:
The physical meaning of ε is equivalent to the fluid fraction, since
On the other hand, β quantifies the amount of up/downstream asymmetry, that is, the squashing and stretching of bubbles. It increases when Φ (or equivalently ε) decreases (eq. 9):
. (16) When Φ goes to zero, ε goes to zero too, and β diverges.
Using these variables, eq. (12) yields
At high fluid fraction, the force F vanishes when β = 1, that is (eq. 16) when:
At low fluid fraction, we develop eq. (17) to leading order in β and insert the leading order term of eq.
